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Abstract 

We consider non-relativistic conformal quantum mechanical theories that arise 
by doing discrete light cone quantization of field theories. If the field theory has 
a gravity dual, then the conformal quantum mechanical theory can have a grav- 
ity dual description in a suitable finite temperature and finite density regime. 
Using this we compute the thermodynamic properties of the system. We give 
an explicit example where we display both the conformal quantum mechanical 
theory as well as the gravity dual. We also discuss the string theory embed- 
ding of certain backgrounds with non-relativistic conformal symmetry that were 
recently discussed. Using this, we construct finite temperature and finite den- 
sity solutions, with asymptotic non-relativistic conformal symmetry. In addition, 
we derive consistent Kaluza-Klein truncations of type IIB supergravity to a five 
dimensional theory with massive vector fields. 
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1 Introduction 

Recently some gravity backgrounds with non-relativistic conformal symmetry were dis- 
cussed [U |2j [3l 14] H The idea is that such backgrounds would be gravity duals of con- 
formal quantum mechanical systems, which are useful for describing certain condensed 
matter systems (see [H El E] for references). 

Here we make some comments on these constructions. These constructions involve 
performing the discrete light cone quantization (DLCQ) of certain field theories and 
their gravity duals. As it is well known, the DLCQ of a field theory gives a non- 
relativistic system. Thus the DLCQ of a conformal field theory is expected to give a 
conformal quantum mechanical system. On the other hand, DLCQ quantization is sub- 
tle. In particular, when we perform DLCQ of gravity backgrounds we cannot naively 
apply the gravity approximation, since there is a circle becoming very small. Fortu- 
nately, if one considers a sector with large non-zero light-cone momentum one can find 
regions in the geometry where the circle has a non-zero size so that computations can be 
trusted. In this paper we will discuss some backgrounds that arise in string theory that 
display a non-relativistic conformal symmetry. One particular example where we know 
the conformal quantum mechanical theory and the corresponding gravity background 
is the theory that arises when we do the DLCQ of the M5 brane theory. In this case 
the conformal quantum mechanics was discussed in [8] and we will review it below. We 
will discuss some gravity backgrounds that can be used to perform computations which 
can be trusted and are predictions for results in the conformal quantum mechanical 
theory. Conformal quantum mechanical systems were studied in the context of black 
hole physics and AdS2, see [9] for a review and further references. 

The backgrounds considered in [HE] enjoy non-relativistic conformal symmetry even 
before taking the DLCQ limit. In this paper we embed these backgrounds in string 
theory and discuss their deformation at finite temperature and finite density. In one 
particular case we can relate these backgrounds to certain non- commutative dipole 
theories studied in [TO]. There is a simple procedure that allows us to introduce such 
non-commutativity both in the field theory and in gravity [llj. A non-relativistic 
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quantum mechanical system is expected to arise when we perform a DLCQ quantization 
of such a theory. Due to the non-commutative interpretation of the background we 
find that certain quantities are independent of the non-commutativity in the planar 
approximation, since non-commutativity does not change certain planar diagrams |12j . 
Thus for many observables computations in the backgrounds [TJ [2] are the same as in 
asymptotically AdS backgrounds with x~ compactified. 

We also discuss consistent type IIB Kaluza-Klein reductions of AdSs x Y back- 
grounds, where Y is a Sasaki-Einstein manifold, to five- dimensional systems involving 
massive vector fields. Our motivation is that these truncations admit solutions with 
(asymptotic) non-relativistic conformal symmetries, of the type discussed in [TJ [2]. 
Such Kaluza-Klein reductions might be useful also for other purposes. 

The contents of the paper are organised as follows: we start in Sec. [2] by discussing 
how we obtain a quantum mechanical system with non-relativistic conformal symmetry 
via the discrete light cone quantisation of relativistic field theories. We also discuss 
subtleties inherent in the construction. In Sec. [3] we construct the gravity dual of these 
systems, which can be trusted when we put sufficient amount of momentum along 
the compactified dimension so that it becomes a spacelike circle with large radius. In 
Sec. H]we study the consistent Kaluza-Klein reductions of type IIB supergravity on S 5 
or any other Sasaki-Einstein space which retain massive gauge fields, and we show that 
these reductions can be used to construct some of the supergravity solutions discussed 
in Sec. El We conclude the paper with a short discussion in Sec. El We have a few 
Appendices where the reader can find the details of the calculation. 

Note added: the authors learned just before completion that there will appear two 
papers, one by A. Adams, K. Balasubramanian, and J. McGreevy [13] and another by 
C. P. Herzog, M. Rangamani and S. F. Ross [Hj which have some overlap with our 
present paper. 

Note added in v5: Appendix [F] was added on Nov. 2008 to explain the simple 
scaling behavior of the thermodynamic quantities, which is a generic consequence of 
the gravity dual being a DLCQ of a higher dimensional theory. 



2 Non-relativistic theories from DLCQ 

2.1 DLCQ of relativistic theories in Minkowski space 

It is well known that the light cone quantization of a relativistic theory looks like a 
non-relativistic theory. Choosing light cone coordinates x ± = t ± a; 3 we see that the 
mass shell condition for a massive particle looks like 

p m 

(-4p_) (-4p_) 

which looks like the energy of a non-relativistic particle of mass M ~ — p_ in a constant 
potential. We find it useful to write things in terms of p± with the lower index since 
that is the momentum that is canonically conjugate to x ± translations. One minor 
disadvantage is that they are negative definite. Thus our p_ = —p + /2 if we start with 
the ordinary Minkowski metric, ds 2 = — da; + da;~ + dx 2 . 

In a relativistic theory p_ is a continuous variable. We can make it discrete by 
compactifying the light cone direction x~ ~ x~ + 27rr~ [15]. We then find that p- is 
quantized as 

N / X 

-P- = — 2.2 

r 

where N > 0. This is called "discrete light cone quantization". Note that the parameter 
r~ can be changed by doing a boost in the H — directions, which is a symmetry of the 
relativistic theory. This boost is broken by the compactification. However, the fact 
that it is a symmetry in the original theory implies that theories with different values 
of r~ are related by a simple rescaling of the generators. Though in the formulas below 
we will keep r~ explicitly, one could set r~ = 1 without loss of generality. 

If, in addition, the relativistic theory is conformal invariant, then this procedure 
would formally lead to a conformal invariant quantum mechanical theory, with a sym- 
metry group which is called the "Schrodinger group'u. This is simply the subset of the 
conformal generators which commute with p_. See Appendix|A]for some details. This 
fact was already noted in [8] where the DLCQ of the theory on M5 brane was studied. 

As explained in [16] . DLCQ is very subtle. One has to be careful about the zero 
modes. In general these zero modes (modes with p_ = 0) are described by an inter- 
acting theory which is obtained by taking the original theory and placing it on a very 
small spatial circle of vanishing size. Thus, one has to solve the problem of a field 



2 The name comes from the fact that it is the dynamical symmetry group of the ordinary Schrodinger 
equation for a free particle. 



theory in one less dimension. For example, if we start with 3+1 dimensional M = 4 
super Yang Mills, the zero mode dynamics is described by a 2+1 dimensional conformal 
field theory which is the IR limit of 2+1 dimensional super Yang Mills. This is also 
the theory that lives on M2 branes. Thus, the proper analysis of the dynamics of a 
DLCQ theory is fairly non-trivial, but it can be done in principle. This point should be 
kept in mind when we discuss various theories in this paper. Proposals for the DLCQ 
of M = 4 super Yang Mills were made in [T71 [18] . We will not give a totally explicit 
description of the field theory side in this case, leaving a complete analysis of this issue 
for the future. Note that in this case we get a family of conformal quantum mechanical 
systems that arise by taking different expectation values of A_ (and the dual photon) 

The DLCQ procedure we outlined above is a way of generating examples of con- 
formal quantum mechanical systems. Writing out explicitly the quantum mechanical 
system requires a proper analysis of the zero modes. This is an important issue for 
understanding precisely the nature of the corresponding non-relativistic quantum me- 
chanical system. In particular, one would like to write down the Schrodinger equation 
for the quantum mechanical system. We discuss one specific example below. 

Finally, note that the discussion in [19] that links AdS3 to AdS2 and a possible 
conformal quantum mechanical dual can be interpreted as a DLCQ quantization of 
AdS3 in a sector with nonzero P_. 

If the parent relativistic theory has a gravity dual which is weakly coupled one can 
hope to have a gravity description of the corresponding conformal quantum mechanical 
system. For example, if the parent theory is M = 4 super Yang Mills, then it also has 
a dual description as a gravity (or string) theory on AdS 5 x S 5 when the 't Hooft 
coupling g\ M k is large. We denote by k the rank of the gauge group in order not to 
confuse it with N, which is the number of quanta of the light cone momentum. Thus, 
one would hope that by performing the DLCQ procedure on both sides one would get a 
strongly coupled quantum mechanical system that is dual to a weakly coupled gravity 
solution. The DLCQ limit of the gravity dual is simply given by identifying the x~ 
direction in the bulk [H [3] . One should remember, though, that this identification is 
not as innocent as it looks. When we periodically identify the x~ direction in the bulk 
we are performing a drastic change in the theory. For example, the correct graviton 
scattering amplitude in the DLCQ theory and the naive one (obtained by truncating 
tree level graviton scattering amplitudes in the theory before the DLCQ) are not the 
same [201. 



The situation changes for the better when we introduce a large amount of momentum 
N ~ — p_r~ in the DLCQ direction. In fact, one is interested in the sector of the theory 
with non-zero values of N. In the bulk, this has the effect of making the size of the x~ 
circle spacelike in some interesting regions of the geometry. Thus, for large enough P_, 
or large enough P_ density, one can indeed use the gravity description for computing 
certain properties of the system. We will describe this in more detail when we talk 
about the gravity solutions. Let us first describe a specific example and some simple 
variations of this construction. 

2.2 DLCQ description of the M5 brane theory 

There is one case where a fairly explicit description of the DLCQ is available in the 
literature. It is the case of the M5 brane theory, which is a 5+1 dimensional conformal 
field theory. In DLCQ with N units of momentum, this becomes a certain conformal 
quantum mechanics theory constructed as follows [8]. We start with k fivebranes and 
N units of momentum along a compactified spatial direction. The small radius limit, 
which leads to the DLCQ description, forces us to perform a duality to end up with 
iV DO branes and k D4 branes, and to take the low energy limit of this system. The 
result is a quantum mechanics theory which is a sigma model on the Higgs branch of a 
certain theory with 8 supercharges. It is the quantum mechanics on the moduli space 
of iV-instantons. 

This system has four-dimensional Galilean invariance and conformal invariance, so 
it has the Schrodinger symmetry, but it is quite unlike the non-relativistic conformal 
system which is discussed recently in the literature, e.g. N fermions interacting via 
contact interaction. Namely, each of the N instantons is not pointlike but has a size 
parameter which is affected by the dilatation; there is no obvious second-quantized 
framework, and so on. 

The resulting quantum mechanics is the following. We start with a U(N) gauge 
theory with an adjoint hypermultiplet and k fundamental hypermultiplets. The bosonic 
variables involve two complex adjoint matrices X, X and k complex scalars qi in the 
N of U(N) and k scalars g* in the N of U(N). These fields are constrained by 

[X, Xt] - [X, Xt] + m \ - (g*)t(g*) = , [X,X} + q t q l = 0. (2.3) 

and we quotient by U(N) gauge transformations. This gives a space of 4Nk real 
dimensions which is a hyperkahler manifold. The metric is the induced metric in the 
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ambient space. It can be found as follows: one constructs the Kahler potential of the 
ambient space C — |gj| 2 + |g*| 2 +|X| 2 + |X| 2 , which also gives the Kahler potential of 
the metric in the moduli space, after choosing complex coordinates for the moduli. C is 
also the special conformal generator in the quantum mechanical theory. This defines a 
conformal quantum mechanics, which becomes super conformal once we include also the 
fermionic degrees of freedom [8] . For further details on the definition of the quantum 
mechanical theory and its symmetries see [8] . See also [9 J for a nice review on conformal 
and super conformal quantum mechanics. 

2.3 DLCQ of a conformal field theory on a plane wave back- 
ground 

A small variation of the preceding theme is to start with a relativistic theory on a plane 
wave background 

ds 2 = -dx+dx" - x 2 (dx + ) 2 + df 2 (2.4) 

where x stands for the transverse spatial directions. For a general field theory this 
also gives us a quantum mechanical system now with particles in a harmonic oscillator 
potential. The Hamiltonian is then 

-*2 

-p+= j^— + (-p-)x 2 . (2.5) 

(-4p_) 

The isometries of the plane wave are symmetries acting on the quantum mechanical 
theory. If the field theory is conformal we have further symmetries and the resulting 
theory is precisely the same as the one we obtained when we started from flat space 
but with a different choice of Hamiltonian [21] . This can be understood considering 
the SL(2,M) subgroup of the Schrodringer group which includes the Hamiltonian H 
the dilatation D and the special conformal transformation C. Then the Hamiltonian 
on the plane wave background is 

H osc = L = 1 -{H + C) . (2.6) 

Another variation of the idea is to take the following form of the plane wave metric 
when the transverse direction is two-dimensional (or more generally even dimensional): 

ds 2 = -dx + (daT - 2p 2 d^) + dp 2 + p 2 d^ 2 , (2.7) 

where we took x = (p cos ip , P sin if)) and chose if> = if) — x + . A particle with fixed p_ 
moving on this metric reduces to a non-relativistic particle moving in the transverse 



space in the presence of a constant magnetic field d(p 2 ch/>) with no potential. The new 
Hamiltonian is related to the one above by 

-"mag -^osc " , v^ - "/ 

where J is the angular momentum associated to the rotation in the x plane. 

2.4 DLCQ of dipole theories 

Another variation is to consider a certain non-commutative theory, called a "dipole 
theory" [10] (see also [TH [221 123]). This is a theory were the field multiplication is 
defined via a star product. In order to define the star product we use the conserved 
charge p_ and also another global symmetry charge, Q of the system. The star product 
is then defined as follows 

f*g = e a ^^- p '-^fg, (2.9) 

where fg is the ordinary product and a is an arbitrary parameter. {P-,Q ) and 
{Pi, Q g ) are the values of P_ and Q for / and g respectively. We are imagining that / 
and g have well defined values for both charges P_ and Q, and we can get the product 
for more general functions of / and g by the ordinary distributive property of the 
product. 

If the original theory has a symmetry that commutes with the two charges that 
appear in the definition of the star product f)2.9p . then it will also be a symmetry of 
the theory after the star product deformation. The generators of the conformal group 
that commute with P_ are the Schrodinger subgroup. Thus we have the Schrodinger 
symmetry even before compactifying the coordinate x~ . If we also compactify x~ and 
perform a DLCQ quantization we expect to get a non-relativistic conformal system. 
Our reason for introducing these exotic theories is that, in some cases, their gravity 
duals, derived in [TQl [TTJ, are given by the metrics introduced in [H[2]. For more details 
on these theories see pH HI [221 123] . 

3 DLCQ of string or M theory backgrounds 
3.1 DLCQ of AdS 

As we saw in the previous section, one can construct a system with Schrodinger sym- 
metry by taking the DLCQ of a relativistic conformal theory. If the relativistic CFT is 
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dual to AdS we should then consider the DLCQ of AdS space. We can write the AdS 
metric in the Poincare patch as 

dv 
ds 2 = — + r 2 (-dar+daT + d£ 2 ) (3.1) 

and take x~ ~ x~ + 2iir~. This fact has been noticed also in the recent papers [H [3]. 

Since we are taking a circle to have zero size, we cannot trust this geometry to 
do computations. A similar situation arises when we consider the DLCQ of eleven 
dimensional supergravity. In that case the conjectured correct description is in terms 
of a quantum mechanical theory given by iV DO branes [21] (see also [25]). This 
description is not the same as the one we get by taking the naive DLCQ of the gravity 
theory. For example, the scattering amplitude of three gravitons to three gravitons in 
the naive supergravity approximation gives a different answer than in the matrix model 
|20j . In fact, when one defines the DLCQ limit carefully, as a limit of the theory on a 
very small spatial circle, one finds that the correct answer is given by the DO matrix 
quantum mechanics and not by supergravity [26j£ 

Fortunately, not all is lost. Of course, what we really want to do is to put N units 
of momentum on this space. When N is small, the dynamics cannot be computed in 
terms of particles moving in the metric ( 13.11) . for reasons we have explained. Notice 
that this is true even when the radius of AdS is large. In fact, the correct description of 
iV units of momentum in the DLCQ of type IIB string theory in flat space is in terms 
of the field theory that lives on N M2 branes on T 2 [27J. 

However, if we put a large amount of momentum, then the backreaction implies 
that the size of x~ will be non-zero in some regions and we will be able to trust the 
metric. More concretely, we can consider the black three brane metric describing a 
finite temperature system 

1 dr 2 



ds ' Z ^ ~— 2 +r " 2 



10 T 

r-4 



A 



-<\x + dx~ + -^ (A _1 dx + + Adx") + dx : 



(3.2) 



This is simply a boosted version of the ordinary black brane metric, in the near-horizon 
region. We can compute the density of — P_, which we interpret as the "particle 
density" , and the energy density. We obtain (see Appendix IC.2J) 

N M-P-) R\ dS (r-) 2 A 2 r 4 H {-R^ R\ dS rt 

V 2 V 2 G% 8 V 2 V 2 G% 16 ' l ' ] 



3 Of course, the BFSS conjecture [2S] is the idea that a suitable large N limit allows one to recover 
the results with no compactincation of the light like circle. 
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where V2 is the volume of the two spatial dimensions. 

We can see that by tuning A and r we get different values of particle density as well 
as energy density. We can also write this in terms of the temperature and chemical 
potential of the non-relativistic system 



The entropy is given by 



1 TTA 


UN 7T 


T r 


T tqt^X 


R3 

O ^AdS 

4G 5 V 


3 

.\(2nr-) r -^V 2 . 



(3.4) 



(3.5) 



and these thermodynamic quantities satisfy the first law 

5H = T5S - /2 N 5N . (3.6) 

The physical value of the radius of the x~ circle is 

R phys _ RAds r Ar~r 



v .S v .9 



(3.7) 



r> — 

therefore we can trust the gravity description as long as p t hvs ^> 1. When it becomes 
smaller than one we might be able to do a T-duality and use an alternative description 
also. Notice that this size becomes small as we approach the boundary of AdS, r — > 00. 
Thus, we cannot trust the metric near the boundary. It might be possible that after 
performing suitable U-dualities we might find a metric we can trust. 

Of course this solution implies that the thermodynamic properties can be simply 
extracted from the thermodynamic properties of the ordinary black D3 brane. We are 
only looking at the same system in light cone gauge, so we just need to translate all 
quantities to light cone gauge. 

3.2 DLCQ of AdSs with a plane wave boundary: harmonic 
potential 

In this subsection we consider the gravity dual of the field theory with plane wave 
boundary conditions, so that it is the gravity dual to the field theory on the plane 
wave. Since the plane wave metric is conformal to flat space the metric is simply AdS, 
which can be sliced in a way that make the plane wave at the boundary more manifest. 
One way to find the slicing is to start with R x S* 3 and take the Penrose limit for a 
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particle moving with large angular momentum in one of the angles of S 3 . Namely, we 
write the AdS metric in global coordinates, 



ds 2 = _ (1 + r 2 )dt 2 + _^L + r 2 ds 2 (S 3 ) , (3.8) 

1 + r z 

which has R x S 3 as a boundary. Here ds 2 (S 3 ) = d6 2 + cos 2 6>d<p 2 + sin 2 Odip 2 . We then 
define 

x+ = t , ±- = t -<p, = ^, r = Ry (3.9) 

and we take the R — > oo limit, keeping x^ and p, y fixed. We find the metric 

ds 2 = %- + y 2 (-dx+daT - p 2 (dx+) 2 + dp 2 + p 2 d^ 2 ) - (dx+) 2 . (3.10) 

Notice that it is not necessary to take this limit to obtain ( 13.101) . and we can also 
obtain it directly by writing AdS space in the appropriate coordinates^ (see also [3]). 
Explicitly, after the further change of coordinates 

sinhr = py , z = p 2 H — - , (3-H) 

y 

the metric (13.101) becomes 

d.x~ 2 (dx~) 2 + dz 2 



ds 2 = sinh r d^ 2 + dr 2 + cosh r 



•(dx + + 



2z ' 4z 2 



(3.12) 



This is AdS5 sliced by AdS3, which is the metric in square brackets. However, obtaining 
the metric (13.101) as a limit will be useful later. The metric in (13.101) cannot be trusted 
if x~ is compact, since x~ is a null direction. 

We would now like to add some x~ momentum and also raise the temperature of 
the system so that we have a black hole in a space which is asymptotic to (I3.10p . We 
obtain this black hole by starting with the five- dimensional Kerr-AdS black hole [28] 
(see also [29]) and performing a limit similar to the limit we performed above (13. 9p . 
We describe this in detail in appendix Q3] The final metric can be written as 



ds 2 = y ^ a ; ; v >™ - (l + r 2 sin 2 0) (dx + ) 2 - A(l + r 2 ) cos 2 fldx+dx- 



(r 2 + sin 2 #)d# 2 2 2 n , , 2 (-2dx+ + (dx + - Ada;") cos 2 Of . 

+ ~ 2T + r 2 sin 2 M^ 2 + m^ ) , ; >- . 3.13 

cos^t^ 2{r 2 + sin 9) 



4 In fact, (|3.10[) can be transformed into the metric recently discussed in [3] (c/. equation (35) in 
that reference) by an obvious change of coordinates. 
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This metric depends only on one non-trivial parameter m. The parameter A can be 
absorbed into the redefinition of x~ but it is convenient to keep it because it represents 
the amount of boost one performs when we take the limit. We can bring this metric 
to a form which asymptotes to f 1 3 . X j) via the coordinate change: 

A-y = (r 2 + l)cos 2 fl, 
p 2 y 2 = r 2 sm 2 9. (3.14) 

This is analogous to the coordinate change employed in [28] to display the AdS asymp- 
totics of the Kerr-AdS black hole. The result does not have a simple analytic form. As 
an expansion in the new radial variable y, it is given by 

ds2 = - (ITwf) " 7? + v 2 H* + d*- - pW) 2 + V + eW) 
- (dlY + ^ «' + y A ^-) 2 +0 (^) (3.15) 

where we kept only terms of order lower than 0(y~ 4 ) with respect to the m = 
solution. 

The P- and P + can be calculated by starting from the expressions for the energy 
and the angular momentum in [29] (also see [30]) and taking the appropriate limit, see 
appendix [B] We find 



%2^)Aii±I? V! 

G\ r ^ ' 16 



H = -P + = -^(2vrr-)A ^ \»> , (3.16) 



N = -P_r~ = ^(27rr-)r-A 2 (1+r ^ )2 . (3.17) 

G% K ' 32 v ; 

Recall that the Hamiltonian here is the oscillator Hamiltonian H osc . 

The horizon radius r# is given by the solution of (r 2 H + l) 2 — 2m = 0. As r# — > 
the metric becomes singular. For m — (or 2m = 1) the energy and particle densities 
from (13.161) . (I3.17P are non-zero. For smaller densities or energies this black hole would 
not be a good description. However, for m = the metric (13.131) does go to the plane 
wave metric (13.1 Oil 5 . 

The Killing vector degenerating at the horizon is 



d + + \ r ^-\d_. (3.18) 



Ar 2 +1" 



This is reminiscent to what happens for the BTZ black hole. 
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Then the temperature and the chemical potential are 



T = -Z- > Mjv = „_,„? i ; ■ (3.19) 



r H 1 r 2 H - 1 

The entropy of the system is 



7r ' r A r^ + 1 



5 = ^(27rr-)|Ar ff (rir+l) l (3.20) 

and one can check again the first law 

8H = T5S - p N 5N (3.21) 

is satisfied, as it should be. We can also compute the size of the circle x~ at the horizon 

which is 

R phys = R A dS r - x (r 2 H + I) cos 2 6 

l P ~ l P 2^r 2 H + sm 2 6 ' 

This becomes zero when cos 9 — > 0. In fact, the circle x~ shrinks at 6 = it/2 at any 
value of r as is evident from (13.151) . In the coordinates p,y introduced in (j3.14p these 
points correspond to the limit y — > 0, p — > oo. Since we do not have a large contribution 
to the thermodynamic quantities from this region we assume that we can ignore this 
part of the metric. 

3.3 DLCQ of AdS 5 with a plane wave boundary: magnetic 
field 

Here we briefly discuss the gravity dual of the field theory with plane wave boundary 
conditions in the coordinates (12.71) which lead to a non relativistic particle in a mag- 
netic field when we fix p_. The Hamiltonian of this system is obtained shifting the 



oscillator Hamiltonian with the angular momentum on the plane, as in 12.81 The metric 
is obtained by performing a limit similar to the one discussed in the previous subsec- 
tion, starting with the two-parameter Kerr-AdS black hole [28]. This is discussed in 
Appendix IB. 21 and here we present the final result 



2mA 4 2mA 6 \ dy 2 



(dx + y + 



dx + (doT - 2p 2 d^) + (dp 2 + p 2 d^ 2 

. (3.23) 



2y 2 



dx + o , ? 

dx~ + — r - 2p 2 d^ 
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The temperature and the chemical potential are given by 
m 1 2^-3A 2 ^-2A 2 
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-2/lrA 2 ' 


and the entropy is 
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where the horizon is 


at 


y = y H with 












_ 2mA 4 

1 — + 

Vh 


2mA 


- - o . 





(3.24) 



(3.25) 



(3.26) 



The P± densities are constant (see Appendix IB. 21) . thus the charges are infinite on the 



x plane, and proportional to the volume V2, as is in the case of the translation invariant 
black three brane metric. In fact, after Kaluza-Klein reducing along x~ we see that we 
get a translation invariant metric with a constant Kaluza-Klein magnetic field. The 
particle number and energy per unit volume are given by 

N R 3 Ar]q , H R 3 Ar , q mA 4 

v 2 = if ^ mX > v 2 = Wr r '~ ■ < 3 - 27 > 

respectively Recall that the Hamiltonian here is given by H mag = H osc —J. This implies 
that we can view this system as the system on with the Harmonic oscillator hamiltonian 
but at a critical value of the chemical potential for the spin in the transverse plane. 
One could find a metric interpolating between (13.131) and (13.231) by adding a general 
chemical potential for the spin. Such metrics should correspond to more general limits 
of the rotating Kerr black hole [28] . 

3.4 DLCQ of AdSy with a plane wave boundary 

In this subsection we repeat the previous discussion for the AdSy case. We write the S 5 
as ds 2 (5' 5 ) = d# 2 + cos 2 9d(p 2 + sin 2 6*dfi 2 . We now start with AdSy in coordinates where 
the boundary is K. x S 5 . After performing the rescaling (13. 9p we get a metric similar to 
(13.101) except that dip 2 — » dfi 2 . Starting from the seven dimensional Kerr-AdS black 
hole and performing the same limit ( 13. 9ft we get a metric very similar to H3. 131) except 
for m — > m/r 2 and dip 2 — > dQ 2 



3' 

ds2 = (r 2 + sm 2 e)dr 2 _ ^ + ^ ^ Q){dx+) 2 _ A(1 + ^ cog 2 edx+dx - 



(r 2 + sm 2 9)d9 2 , 2 n , - m (-1dx+ + (dx + - \dx~) cos 2 df . 

+ - 77T + r sin 9dn l + "a " S71 ^7^ • 3 " 28 

cos 2 6» 6 r 2 2(r 2 + sm 2 6») 
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We can also compute the entropy as a function of the temperature and the chemical 
potential. The expressions for the temperature and chemical potential are 

T = ^(3r H + —), fi N = -^T r -I^7 , ( 3 -29) 

Zrc ru r A r H + 1 

where now the horizon radius obeys the equation (r 2 H + l) 2 — 2m/r 2 H = 0. The values 
of the energy and the momentum can be uniquely fixed by first noting that E oc Am 
and N oc X 2 m from the asymptotic form of the metric, and second by demanding that 
the first law is satisfied. We obtain 

H = ~P + = ^(2nr-)\^rl(l + r 2 H )\ (3.30) 

N = -P_r- = ^f(2nr-)r-\ 2 ^-rUl + r 2 H ) 2 . (3.31) 



The entropy is 

S 



r iV 



*W -^ 



^(27rr-)X-rUl + r 2 H ). (3.32) 

In this case we see that as r# — > the energy and the particle number both go to 
zero. On the other hand, we see that the temperature in f 1 3 . 2 9 j) has a minimum. 
This suggests that the thermal ensemble will display a phase transition similar to the 
Hawking-Page we see when we treat AdS in global coordinates [3TJ E2]. In fact, for 
a given temperature and chemical potential there is another solution which is simply 
thermal AdS space with a gas of particles (we can only trust this last solution if we 
take x~ to be non-compact). Comparing their free energies we find a phase transition 
at th — 1- Of course, the black hole is the stable solution for th > 1- We can evaluate 
this quantities in the particular case of AdSj x S A background of M theory. In that 
case we find that 

R AdS _ R AdS R % V S" _ 4fc 3 RAdS _ Rs* _ „/, xl/3 /, qo\ 

where G]^ = I6ir 7 lp and k is the number of M5 branes. As in the five-dimensional 
case, the x~ circle shrinks when 9 = ir/2. For moderate temperatures, with th of order 
one, we can trust the M-theory background near the horizon in the regime k ^> 1 and 
N 3 /k 7 ^> 1. By reducing to type IIA we can extend the region of validity of the above 
formulas to k ~^> 1, N/k ^> 1. The existence of the IIA string theory dual suggests 
that this conformal quantum mechanics theory has an interesting 't Hooft limit. 

These quantities should describe the thermodynamic properties of the conformal 
matrix quantum mechanics described in [5] and reviewed in Sec. 12.21 That quantum 
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mechanics theory is characterized by only two discrete parameters k and N. Here k is 
the number of fivebranes and TV is the amount of momentum. When we consider the 
Hamiltonian H osc = ~(i? + C) we expect that the temperature would also be a non- 
trivial parameter since there is an energy gap of order one that is given by the confining 
potential. In the above metric the temperature translates directly into r#. Finally, we 
see that the combination r~X, at fixed temperature, fixes the chemical potential for 
the light cone momentum N. Thus the metrics we have depend on the right number 
of parameters. Here r~ is a trivial parameter and can be set to one without loss of 
generality. 

3.5 DLCQ of the dipole theory and its gravity dual 

In this section we describe in more detail a particular example of the dipole theories 
introduced in [lUJ [22j [23] . As we explained above these theories are based on the non- 
commutative * product in (12.91) . As a particular example we can consider starting with 
M = 4 super Yang Mills in 3+1 dimensions. This theory has an SO (6) R symmetry 
that rotates six scalars, (pi, and their fermionic partners. We can consider the particular 
U(l) symmetry that rotates all pairs of scalars. Defining Wj = <pj + i<f)j+3, j = 1, 2, 3, 
the symmetry acts by Wj — > e ia Wj. Planar diagrams in non-commutative theories are 
particularly simple. The only difference between the planar diagrams in the ordinary 
theory and the theory with the star product is an overall phase depending only on the 
external particles [12] (see also [33J). Thus, if we consider a quantity such as the free 
energy, which does not involve any external particles, then the final result is the same 
as in the ordinary theory. 

The gravity duals of such theories are easy to construct. We simply need to do a 
particular transformation on the gravity solution. This transformation has the follow- 
ing origin. In the original solution we have two commuting isometry directions, x~ and 
an angle ip that is conjugate to the charge Q we defined above. If we naively imag- 
ine doing a dimensional reduction of the ten dimensional gravity theory on these two 
dimensions we get a theory in eight dimensions that has an SX(2, R) symmetry. This 
SL(2, R) symmetry is a symmetry in the eight dimensional gravity theory but it is not 
a symmetry of the ten dimensional configuration. In fact, it maps ordinary solutions 
into the solutions we want. This transformation is the following simple set of steps. 
We first do a T-duality in the direction tp to a T-dual direction (p. We then do a shift 
of coordinates x~ — > x~ + op. Finally, we do a T-duality again on (p into tp. The step 
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where we did a shift of x~ is not a symmetry of the theory since (p is periodic but x~ is 
not. Nevertheless this operation generates a new solution which is another solution of 
the gravity equations which is not equivalent via legal U-dualities to the original one. 
This procedure was applied in [11] to obtain the corresponding gravity solutions. We 
perform these steps more explicitly in appendix O We start with AdS 5 x S 5 , where 
the AdSs metric is written as in (13.11) . The final type IIB background that we obtain 
through this procedure is 

dv 
ds 2 = -a 2 r\dx + ) 2 + r 2 [-dar+daT + dx 2 } + ^- + ds 2 (CP 2 ) + V 2 , 

B NS = ar 2 dx + A rj , (3.34) 

and the rest of the fields have the same form as they had before we applied the trans- 
formation. Here rj = d<p + P is the one-form present in any Sasaki-Einstein manifold, 
which is dual to the Reeb vector field d/d<p. In the case of S 5 , this generates simulta- 
neous rotation of the scalars as discussed above. Indeed, in f)3.34|) we can replace the 
CP 2 space with any local Kahler-Einstein space Bke, so that 

ds 2 (Y) = ds 2 (B KE )+r] 2 (3.35) 

is a Sasaki-Einstein metric on Y, where dr]/2 = u> is the Kahler two-form on Bke- 
These backgrounds do not preserve any supersymmetry. See Appendix [El 

The five- dimensional part of this metric has the same form as the ones considered in 
[H [2]. These metrics have the feature that they break the symmetries to the Schrodinger 
symmetry even before compactifying the direction x~ . However, if we do not compact- 
ify the direction x~ we have a theory with continuous eigenvalues for P so that there 
is no sense in which we have a non-relativistic system. On the other hand, if we do not 
compactify x~ we can definitely trust the metric (j3.34p . at least for values of r that 
are not too large. 

However, we wanted to perform the DLCQ of this theory. When we compactify x~ 
we find that we can no longer trust computations in the metric (I3.34p . As before, we 
could consider a configurations with finite P . A simple case arises when we consider 
a finite temperature configuration. We can obtain the corresponding metric if we start 
with the black brane solution (13. 2p and perform the TsT transformation that lead to 



17 



(13.341) . The final metric in the Einstein frame is (see appendix [C] for details) 



ds u 



I* 2 

e 2 r 



-1 + £) d.+d*" + ^ (A 2 (da;-) 2 + A" 2 ^) 2 ) 



2 2 

o r 



(l " £) (d- + ) 2 



+ e-fd S 2 ( J B^)+elV 



-^ 2 

+ e 2r 2 



r 4 — r 4 



dr + dx 



(3.36) 



with dilaton and -B-field given by 



-2$ 



i , ^.2\2'0 

1 + cr A — , 



i*o 



B 



NS 



a — e 
2 



2<]> 



2 -^l <l •' A 



— r A 2 da; 



A?? 



(3.37) 



where a is the parameter used in the shift, x~ — > x~+a<p. By construction, the solution 
has the desired asymptotic form at infinity as r — > oo. However, there is now a horizon 
at some finite value of the coordinate r, inherited from the asymptotically- AdS black 
three-brane metric (|3.2|) . 

We can now compute the energy and momentum of this solution, as well as its en- 
tropy. All these results are independent of a, which is related to the non-commutativity 
parameter. In fact we simply get the results in ( 13. 31) . ( 13.41) . ( 13.5ft . The reason is that 
the TsT transformation is a symmetry of the eight dimensional gravity theory and this 
eight dimensional theory is all that we are using for computing these quantities^. See 
Appendix IC.2I for a more detailed explanation. As explained in the beginning of this 
subsection, this is due in the field theory language to the fact that the planar diagrams 
are the same in the two theories. Of course, it is not a symmetry of the full theory, so 
we expect that at order 1/k 2 the two theories would yield different answers, where k 
is the rank of the gauge group. 



4 Consistent truncations 

In this section we construct two different consistent truncations of type IIB supergravity 
with massive vector fields. As we will see, one of them admits the black hole background 
( 13.361) . ( 13.371) . among its solutions. Usually consistent truncations involve massless 



6 We are also using the fact that the TsT transformation leaves invariant the eight dimensional 
Kaluza-Klein gauge fields associated to the two charges. 
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vector fields. These truncations can be used to generate other solutions which have the 
same symmetries as certain conformal quantum mechanical theories. We think that 
these truncations are interesting in their own right and could perhaps be useful for 
the construction of other solutions. We have two truncations which we will discuss in 
turn. Both are consistent truncations of the type IIB equations for the bosonic fields. 
It might be possible that they can be supersymmetrized. We will state here the final 
results and leave details to appendix [Dl 

Before proceeding, let us recall how the backgrounds with non-relativistic conformal 
symmetry 

dv 

ds 2 {M z ) = -a 2 r 2z {dx + ) 2 + -j- + r 2 (-dx+dx" + dx 2 ) (4.1) 

arise from AdS gravity with a massive gauge field. This metric is a deformation of the 
AdSrf + 3 metric and clearly is only invariant under a subgroup of SO(d + 2, 2), which for 
generic values of z is the non-relativistic dilatation group, enhanced to the Schrodinger 
group for z = 2. See Appendix [A] These metrics are solutions to the equations of 
motion derived from the action [TJ [2] 

S = J d d+2 x drv^ (r - 2A - \f^F^ - ^-A^aA . (4.2) 

In particular, the ansatz A + oc r z solves the equations of motion, provided 

A = — (d+l)(d+2) , m 2 = z{z + d). (4.3) 

In the following subsections we will describe consistent truncations of type IIB super- 
gravity, containing the action (14.21) . where d = 2, and z = 2,4 respectively. 

4.1 Non-linear Kaluza-Klein reduction with m 2 = 8 

The ansatz we consider here is suggested by the observation that in any background of 
the type AdSs x Y, where Y is a Sasaki-Einstein manifold, there exist certain Kaluza- 
Klein vector fields with mass squared precisely m 2 = 8. These arise from standard 
Kaluza-Klein reduction of the NS B field and the RR Ci field along the one-form 
1] = dtp + P that exists on Y [34j . 

We then consider type IIB supergravity where only the metric, the dilaton $, the 
five-form field F§ and the NSNS three-form H = dB are non-trivial. The equations of 
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motion in the Einstein frame art 

1~ _~ . 1 



Rmn — -c>M$d N § + —F MABC dFn 
1 9o 

1 1 

+ T e ~ (HmabHn — t7j9mnH abcH ) , (4.4) 

□io$ = -^e-*H ABC H ABC , 
d{e~ 9 *H) = , 

F 5 = *F 5 , dF 5 = , HAF 5 = 0, (4.5) 

where Dio = V m 8m- The final equation arises from the equation of motion of the RR 
3-form, which has been set to zero. Our ansatz is 

d<4 = e-^ u+v Ms 2 (M) + e 2U ds 2 (B KE ) + e 2V V 2 , 
B = A A r] + 6 u , 
F 5 = (1 + *)G 5 where G 5 = Ae~ AU - y vol(M) , (4.6) 

where (1s 2 (Bke)+V 2 is a Sasaki-Einstein metric. Here, ds 2 (M) is the Lorentzian metric 
of the five-dimensional part M and vol(M) denotes its volume form. We use indices 
x a (a = 0, . . . , 4) to denote the directions along M and x l (i = 1, . . . , 4) for those along 
Bke- U, V, 9 and $ are scalar functions, and A is a one-form on M, respectively. 
The warp factor in front of ds 2 (M) is inserted to obtain the reduced equations in the 
five-dimensional Einstein frame. This ansatz is closely related to the one used in |35j . 
where they had scalars U, V, 9 and $, but not the gauge field A. They also had 
non-trivial RR 2-form, which we do not have. 

Our choices for A and F 5 satisfy the equations (14.5)) automatically. Then defining 
F = dA, the field strength H = dB of the two-form B reads 

H = FAr]-(2A-d9) Alu . (4.7) 

The gauge transformation of the .B-field B — ► B + d(% A u>) with a function \ on M 
induces the five dimensional gauge transformation 

A - A + d X , 9 - - 2 X , (4.8) 

which shows that # is the Stiickelberg field giving mass to the gauge field A. We choose 
the gauge 9 = for simplicity. 



7 We use capital Roman letters for the ten-dimensional indices. 
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The equations of motion (14.51) follow from the Type IIB action 



S 



\ I <i J w- 



R - -d A $d A <S> 



„-$ TJ ttABC 

re tL ABC n 



n n abode 

7^(5) ABC DE^ (5) 



(4.9) 



2 3 ,- -~^- 2-5! 

by varying <7mjv, B and $. Inserting the ansatz (14.61) in (14. 9ft and integrating over the 
internal directions, we obtain the five- dimensional action 



S 



2 ' d ^ 



R + 24e" 
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2 4 . 



(4.10) 



where we defined u — \(U — V) and v = ^(4f7 + V) to diagonalize the kinetic terms 
for the scalars. The five-dimensional equations of motion which follow from the action 
above are 
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(4.11) 



where D 5 = V a <9 a is the five- dimensional d'Alembertian. 

Interestingly, this non- linear Kaluza-Klein reduction is consistent: any solution to 
the five-dimensional equations of motion (14.111) can be lifted to a solution of the ten- 
dimensional equations of motion of type IIB supergravity, using the ansatz (14.61) . The 
details can be found in Appendix lD.il The masses of the excitations around the AdSs 
background are 



m\ = 8 



m a 







m„. 



12 , and ml = 32 . 



(4.12) 
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Notice that one can write a "superpotential" (in the Hamilton- Jacobi sense) for the 
scalar fields u,v |35j. This may be useful for studying holographic renormalisation of 
the system, see e.g. pi E3 ESI EH] . 

Background with z = 2 

As promised, we can now see that a particular solution to the equations of motion 
(14.111) is obtained by setting $ = u = v = 0, taking (14. ip with z = 2 as metric on M 
and the gauge field to be 

A = ar 2 dx + . (4.13) 

Indeed, setting to zero the scalar fields, the action (j4.10p reduces to the action (14.21) 
discussed in [Tj [2]. We then recover in a different way the solution (13.341) previously 
obtained via the TsT transformation. As already mentioned, this solution does not 
preserve any supersymmetry. The derivation of this is relegated to Appendix [El 

In fact, it can be checked that also the black hole background (13.361) . (I3.37P arises 
as a solution to the equations of motion (14.111) . with non trivial dilaton and scalar 
fields u, v. This provides an explicit check that this is indeed a solution of type IIB 
supergravity. There may be other interesting solutions to the equations (14.111) . with 
non-relativistic symmetry or otherwise. We leave a more complete analysis for future 
work. 

4.2 Non-linear Kaluza-Klein reduction with m 2 = 24 

Following the logic of Sec. 14.11 it is natural to consider other special Kaluza-Klein 
modes on Y, that could be promoted to full non-linear consistent reductions. After 
having considered two-form modes, we should look at Kaluza-Klein modes coming from 
the RR four-form potential, as well as the metric. In fact, it is well known that these 
modes mix and come in pairs [40J with mass eigenvalues 



774 = /i + 4±4vV + l , (4.14) 

where /1 is the eigenvalue of the Laplacian on the massive three-form u; 3 in Y on which 
the RR potential is reduced, that is C4 = AAU3. For any Killing vector field in Y, there 
exists a mode with eigenvalue \x — 8 [34"1 |4~T] . Thus, for each Killing vector, one obtains 
a massless mode as expected, but also a massive mode, with mass m 2 + = 24. It has 
been shown [121 @2] that the massless KK mode associated to the Reeb Killing vector 
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may be promoted to a non-linear truncation, yielding minimal gauged supergravity. In 
the following, we will demonstrate that in fact it is possible to include in the truncation 
also the massive gauge field, at least at the level of bosonic fields. 

We then consider a background with only the metric and the five-form field non- 
trivial, with the following ansatz: 

ds 2 = e -K«^)ds 2 (M) + e 2U ds 2 (B KE ) + e 2V {r] + A) 2 , (4.15) 

F 5 = (1 + * 10 ) [2u 2 A (77 + A) + 2u 2 A A - uo A (77 + A) A F] . (4.16) 

Here we gauged the Reeb isometry direction 77 by a connection one-form A on M, 
and we will denote its curvature by T = dA. The ansatz for F 5 , which has one-form 
A and two-form F on M, requires some explanation. The 2a; 2 A 77 term is chosen 
to have f Y F§ = 4 which is the value for the AdSs x Y background. The structure 
2c<j 2 AA— uArjAF is suggested by the discussion above that we should take C 4 ~ uAr]AA, 
therefore the combination 

d(u A 77 A A) = 2uj 2 A A - u A r] A F (4.17) 

with F = dA should be in the expansion of F 5 . The ansatz is then made gauge- invariant 
by the replacement 77 — > 77 + A, which imposes 

W = F + F (4.18) 

from the uj 2 component of the closure of F 5 . This ansatz gives again a consistent 
reduction, which is an extension of the consistent reduction to the (bosonic sector of 
the) minimal gauged supergravity [42} H3] . The details of the calculation are explained 
in Appendix ID. 21 

Here we only discuss the equations of motion of the vector fields A and A, one of 
which comes from the uj component of dF§ = 0, 

d{e~l {u+v) * 5 F) = -8e- 8C/ * 5 A + fAF. (4.19) 

In addition, the lOd Einstein equation in (14. 5p . with (A, B) = (a, <fi) gives the relation 

&(eW+v) ^ jr) = 16e -8i/ ^ 5 A + F A F . (4.20) 

These two equations, as well as the equations for the 5d metric and the scalars, follow 
from the action 
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+ - A AW AF , (4.21) 



where u = %(U — V) and v = te(4U + V). As we explain in Appendix ID. 21 this is a 



consistent reduction. 



When u = v = 0, the kinetic term of the gauge fields can be diagonalized, with the 
full action becoming 



1 < ,5. 



»->vector — 77 / CI X\J Q 



where 



~{T + ^F) afe (^ + h) ab - ^F ab F ah - 8A Q A a 



+ Scs 
(4.22) 



Scs = \ f AA(F + F)A(F + F) . (4.23) 

Therefore we have one massless mode A + | A, which appears in the ordinary gauged 
supergravity, and one massive mode A with m 2 A = 24. 

Background with z = 4 

As an example, let us construct a simple solution to the equations of motion which 
follow from ( 14.21H . We can set u = v = consistently if |A| 2 = |JF| 2 = |F| 2 = 0, 
then we can choose A = —jA to set the massless gauge field to be zero. The action 
then becomes ( 14.21) with the null condition \A\ 2 = \F\ 2 = as was the case for the 
background with z — 2. Therefore one solution is obtained by taking ( j4.ip with z = 4 
as metric on M and 

A = ar 4 dx + . (4.24) 

We then find that the following is a solutions of type IIB supergravity 

(It 
ds 2 = -cr 2 r 8 (dx + ) 2 + — + r 2 (-dx + da;~ + dx 2 ) 

+ds 2 (B KE ) + ( V + ar 4 dx + ) 2 , (4.25) 

F 5 = 4 vol(M) + 2u A uj A -q 

-adx + A [u c Auj c + dx 1 A dx 2 A d(r 6 r?)] , (4.26) 

where recall dr] = 2u and we defined 

u c = ^d(r 2 V ) , (4.27) 

which is the Kahler two-form on the Calabi-Yau cone C(Y), ds 2 (C(Y)) = dr 2 + 
r 2 ds 2 (F). Notice the analogy with the background (13.341) . In particular, we can think 
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of the background here as a deformation of AdSs x Y, with deformation parameter 
a. However, in this case, the solution cannot be related to an AdS background by a 
simple TsT transformation. 

This is a background enjoying non-relativistic symmetry with exponent z — 4. Based 
on the analogy with the z = 2 case, it is plausible that black hole geometries with (j4.25p . 
( 14.261) as asymptotic boundary conditions arise as solutions to the equations with non- 
zero scalar fields. Since these are not accessible by simple duality transformations, it 
would be interesting to try to find such black hole solutions, which should be dual to 
non-relativistic systems with z = 4. It would also be nice to understand the field theory 
duals of these solutions. Moreover, it is possible that many more solutions could be 
found, with completely different applications. 

5 Conclusions 

In this paper we have considered some conformal quantum mechanical systems that 
arise by performing the DLCQ of conformal field theories. We have considered several 
aspects of the gravitational geometries that arise via this procedure. We have empha- 
sized that we cannot trust the gravity solutions that we get by performing the DLCQ 
of AdS space. The correct DLCQ description is usually more involved. Fortunately, in 
cases with sufficiently high light cone momentum N, or high momentum density, we 
can trust the geometry at least in some region. Situations were the metric can only be 
trusted in some region of the geometry are common. For example, in the gravity dual 
of DO brane quantum mechanics the geometry can be trusted only in certain regions, 
see |44) 8 I . In particular, this allows to compute certain correlation functions, as long as 
the length scales at which we compute them lie in the region where the computation 
is dominated by the gravity result. On the other hand, if N is small we cannot trust 
results computed on the AdS metric with x~ identified. Of course, if the modes we 
consider are BPS, it is possible that we get the right answer even if we do the naive 
computation. 

We considered thermal configurations and we concluded that we can trust the ge- 
ometries near the horizon if the momentum density is large enough. In this way we 
computed the thermodynamic properties of the dual quantum mechanical theories. 
Thus, we conclude that for the solutions with translationally invariant horizons, in 
which the hydrodynamic regime makes sense, the transport properties will have the 



3 In this case the gravity results were compared with numerical simulations in 
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usual gravity values. In particular, it is simple to see that the bulk viscosity coefficient 
vanishes, as dictated by conformal invariance [TJ E7J, and the shear viscosity has its 
universal value [48j 09] . 

We have given one concrete example of a quantum mechanical theory that we can 
analyze using these gravity duals. This is the conformal quantum mechanical theory 
describing the DLCQ of M5 branes [8]. This is a sigma model whose target space 
is the moduli space of N instantons in U(k) and it is given in terms of the ADHM 
construction reviewed in Sec. 12.21 Naively one might have expected that the quantum 
mechanical description would involve a system of N particles moving in four spatial 
dimensions. However, the quantum mechanical theory has 4Nk variables, but realizing 
the Schrodinger group in 4+1 dimensions [8j. This highlights the subtle nature of 
DLCQ. The thermal properties of this theory were computed in Sec. 13.41 For large 
enough k and N we can trust the gravity computations. The black hole geometries were 
obtained by taking a simple limit of the Kerr-AdS black holes [281 EH]. The quantum 
mechanics theory does not look particularly similar to the fermions at unitarity, which 
was the initial motivation for [H[2]. However, it is interesting that we get some concrete 
conformal quantum mechanical theories that can be studied in this fashion. Maybe 
this point of view might shed some light on the mysterious connection between AdS2 
and conformal quantum mechanics. 

We have also observed that some of the backgrounds introduced in [TJ [2] can be 
realized in string theory by considering the gravity duals of the dipole non-commutative 
deformation of conformal field theories (TDJ. In this case the gravity description with 
and without the deformation are very closely related. In fact, if we consider observables 
with zero external charge and momentum the results are the same as in the ordinary 
theory. 

We have also found certain consistent Kaluza-Klein reductions of type IIB super- 
gravity involving massive vector fields. These reductions have also allowed us to find 
an embedding for a solution with non relativistic conformal symmetry with a dynam- 
ical exponent z = 4, which is different from the Schrodringer value, z = 2. It would 
be nice to find the field theory interpretation of these solutions. These Kaluza-Klein 
reductions are probably useful in their own right, independently of any applications to 
the backgrounds in [TJ [2] . 

Note added in v5 

The dependence of the thermodynamic quantities on the temperature and chemical 
potential can be understood on the basis of scale invariance together with the fact that 
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the theory has a gravity dual which is boost symmetric before we perform the light-like 
compactification. For details see appendix F. 
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A Non-relativistic conformal symmetries 

Let us summarise here the non-relativistic conformal groups and their embeddings to 
the relativistic counterpart [UEIIB]. Recall the Galilean algebra in d spatial dimensions 
has the Hamiltonian H, momenta Pi, rotations M^, Galilean boosts Ki and the mass 
operator M which commutes with everything. Less obvious commutators are 

[Pi,Kj] = -iSijM , [H,K t ] = -iP t . (A.l) 

This algebra can be embedded in the Poincare algebra with d + 1 spatial dimensions 
and one timelike dimension. We denote its generator by putting a tilde on the symbols, 
thus M^ v are the rotations and P M are the translations. The Greek indices take values 
0, 1, . . . d+1. The Galilean algebra is obtained by introducing the light-cone coordinates 



x 



± = x° ± x d+l (A.2) 



and retaining the subalgebra commuting with P_, which is interpreted as the mass 
operator M. The identification is given by 

M = -P_ , H = -P + , P t = Pi, M i:i = Mij , Ki = M_i . (A.3) 

This embedding is well-known in the context of discrete light-cone quantisation, as 
recalled in the main text. 

The Galilean algebra may be extended to the non-relativistic conformal group, by 
including a dilatation generator D, whose non-zero commutators are 

[D,Pi] = -iPi, [D,H] = -izH , 

[D, Ki] = i(z - l)Ki , [D, M] = i(z - 2)M . (A.4) 
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The constant z is referred to as the "dynamical exponent" in the condensed matter 
literature, and reflects the freedom to scale differently time and space coordinates [2]. 
In the special case that z — 2, there exists a further extension of the group, obtained 
by adding a special conformal transformation with generator C. The new non-zero 
commutators are then given by 

[C,^] = iKi , [D,C] = 2tC , [H,C] = iD , (A.5) 

and the resulting group is called the Schrodinger group. Notice that this contains 
an SL(2,M) subgroup generated by H,D,C. This can be conveniently presented in 
terms of an "oscillator Hamiltonian" H osc = Lq = |(iJ + C) and the raising/lowering 
operators L± = \{H - C =F iD) [50] . 

The Schrodinger algebra is obtained, just as in the case of the Galilean algebra, as 
the sub-algebra of generators commuting with P_. One identifies the generators as 
follows: 

D = D + B , C = -K- . (A.6) 

where D and K^ are the dilatation and special conformal transformations of the rel- 
ativistic conformal group. B = 2M_ + is the generator of the boost normalised so 
that x ± has eigenvalue ±1. For 2^2, the non-relativistic dilatation is realized as the 
combination 

D = D + (z - 1)B (A. 7) 

in the relativistic conformal algebra. 

B Black holes with plane wave asymptotics 

B.l Harmonic potential metric 

We start with the one-parameter five dimensional Kerr-AdS metric originally found in 
j, and write this in the form presented in [29J. Namely, the metric is 



ds 2 = - - A ;. - (dt - % cos 2 dd<P) 2 + r ' + a l Sln2 % r 2 + (B.l) 



r 2 + a? sin 2 6 H A r 

a 2 sin 2 9 , n9 A e cos 2 9 

"A dd + 2, 2 • 2 J 

Ag r z + a A sin 9 



r 2 + a 2 sin 2 9 . n2 /\ e cos 2 9 . . r 2 + a 2 1( . 2 2 . o n , l2 
+ t d# 2 + — , 2/1 (adt — d0) 2 + r 2 sin 2 9d^ 2 . 



where 

A r = (r 2 + a 2 )(l + r 2 )-2m, A e = 1 - a 2 sin 2 9, E = 1 - a 2 . (B.2) 
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Note that our 9 is their 7r/2 — 9, i.e. sin 9 and cos 9 are flipped with respect to theirs. 
This metric has J^ ^ 0, J^ = 0. We need to have \a\ < 1 to have space-like 9 direction. 
The energy and the angular momenta are [29] (with R\ dS /G% = 1) 

7rm(3 - a 2 ) rcma 

E ~ 4(1 -a^ ' J * " 4(1^) ' J * " ° " (B ' 3) 

This metric is asymptotically AdSs, but in the coordinate system above the boundary 
is a rotating Einstein universe. To display the K x S 3 boundary, we need the coordinate 
change [28] 

(1 - a 2 )f 2 cos 2 9 = (r 2 + a 2 ) cos 2 9, f 2 sin 2 = r 2 sin 2 , = + at . (B.4) 

Then the asymptotic form becomes 

ds 2 = -(1 + f 2 )dt 2 + ^—^- + f 2 (d§ 2 + cos 2 <9d0 2 + sin 2 9d^ 2 ) 

1 + r l — tt 1 

+— — ^-(dt-acos 2 M0) 2 + ---. (B.5) 

r z 1 — rsin t/ r 



The boundary stress-energy tensor in this coordinate system is calculated in [30] . 

Since we want to obtain the asymptotic plane wave metric from the RxS 3 metric, 
we perform the limit (13.91) . Namely, we define 

t = x + , t - i = |^, 9 = | , f = % . (B.6) 

and let R — > oo, keeping x 1 * 1 , p and y fixed. We also need to scale E and J accord- 
ingly. The energy is conjugate to t translations and the angular momentum J to 
translations. The coordinate change (IB. 61) implies that — P + = E — J and — P_ = jj^. 
However, in addition we need to take into account that when we compactify x~~ we 
are effectively shrinking the circle from radius one to radius r~ /(2R 2 ). This rescales 
the energy and the angular momentum since the configuration is translation invariant 
along 0. The final expressions are 



We see from ( IB.3J) that in order to get a finite limit we need to take a — > 1. Thus we 



end up doing the scalings 

t = x + , = _^- + (i- a )x + , l_ a = — ^, R^oc (B.8) 
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and r and 6 are not scaled. Asymptotically, they are related to the scaled variables p 
and y by 

A~y = (r 2 + l)cos 2 # , y 2 p 2 = r 2 sm 2 6. (B.9) 

The limiting metric was given in (13.131) . We can see that the A dependence can be 
removed by rescaling x~ , but it is convenient to keep A for some purposes. We can 
compute P± by taking the limits of (1B.7J) . We find 



2 -Tn „ , _m 



- P_ = vrAV-- , -P+ = n\r-- , (B.10) 

which lead to (13.171) . 

We have not found a simple analytic form of the metric above in the asymptotically 
plane wave coordinates, but for large y we can expand it as in (13.151) . The boundary 
stress-energy tensor is then given by T ab = -r^^r^S a b where 



S ++ = 1 + 3Ap 2 + 3A 2 p 4 , S + _ = A(1 + 3Ap2) , S^ = A 2 , 

S pp = A(l + Ap 2 ), Sw = p 2 S pp , (B.ll) 

which is traceless, as it should be. 

In order to obtain the metric for the case of the black hole in AdS7 we simply need to 
start from the general rotating black holes in seven dimension as written in [2S] (see also 
|51j). The metrics are very similar up to the replacement m — ► m/r 2 and d^ 2 — > dQ 2 . 
The scalings we need to do are precisely as in (IB. 81) and the resulting metric is (I3.28[) . 
The temperature has a different expression because we replaced the constant parameter 
m by m/r 2 which depends on r. The expressions for the temperature and chemical 
potential can be found in [29] and we get (13.291) after taking the limit. Similarly, 
the expressions for the energy and angular momentum that are given in [29] (with 

R Ads/G 7 N — 1) 

rrnr 2 f 1 3\ man 2 

~ 4(1 -a 2 ) V(l-a 2 ) + 2y' ' ~ 4(1 - a 2 ) 2 ' [ ' 

and lead to the following values for P + and P_ 

2 2 

-P_ = — A 2 mr" , - P+ = —\rnr~ . (B.13) 

16 + 4 v ; 

B.2 Magnetic field metric 

We consider here a different limit, obtained starting with the general two-parameter 
Kerr-AdS metric [22]. In the limit, the two parameters become trivial, so for simplicity 

30 



we discuss the case that the two parameters are equal. We start with the metric in 
the form presented in [52], and set a = b and q = 0. We also set g = 1 without loss of 
generality. The metric is 



ds" 



1 + r ,# 



l-a- 



dr + 



2m 



V 2 + a 2 )(l-a 2 ) 2 



dt - a(cos 2 9d<p + sin 2 9dip) 



+ (r 2 + a 2 ) 



^ + —?— (dfl 2 + cos 2 #d0 2 + sin 2 #d^ 2 ) 
A r 1 — a 2 



where 



r 2 + a 2 2 (1 + r 2 



2m, 



(B.14) 



(B.15) 



Note we switched the variables ip and (f) in [52J , which is equivalent to the replacement 
6 — ► 7r/2 — 0. Now let us introduce the following definitions 



' = s- ( = I+ - * = I+ "^ 



a = 1 



2A 2 # 2 



(B.16) 



and then take the limit R ^ oo. We then get the following result for the metric in this 
limit 

ds 2 = (1 + r 2 )-^- + A 2 (l + r 2 ) [-dx+doT - p 2 (dx+) 2 + dp 2 + p 2 d^ 2 ] - (dx+) 2 



+ 



A 



2mA 4 

1 + r 2 



"T~ + 2A 2dX+ + p2(dx+ ~ d ^ 



where 



A, 



'1+r 



2\3 



— 2m . 



(B.17) 



(B.18) 



Changing the radial coordinate and the time by 

y 2 = A 2 (r 2 + 1), ijj = i/j -x A 



(B.19) 



s arrive at the metric 




, 9 / 2mA 4 2mA 6 \ 

ds = U 1- + — r - 

V v A y 6 J 


d v , 2 

yl 



2 i „2j„/.2\ 



-dx + (dx - 2p 2 d^) + (dp 2 + p 2 d?/> 



- {dx + ) 2 + 



mA e 

v 



ds + 2 ; 

dx + — — - 2p 2 d^ 
A 2 



(B.20) 
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which is the metric f !3.23|) in the main text. In the large y —>■ oo limit, the metric 
approaches the pp-wave form ( 13.101) . We find that the horizon is at y = yu where 

2mA 4 2mA 4 
1- + =0. B.21 

Vh Vh 

which is the same as for the original Kerr-AdS black hole metric [52], before the limit. 
The boundary stress-energy tensor computed in the usual way is then given by 
T ab = mS ab , where 

S++ = A , S + - = A /2 , S — = 1 , S + ^ = —p A , 

5_^ = -2p 2 A 6 , S pp = \\ ^ = p 2 A 4 (l + 4p 2 A 2 ), (B.22) 

which is traceless. It is straightforward to repeat this procedure for the seven dimen- 
sional case. 



C Black holes with Schrodinger asymptotics 

The background f)3.34p should be regarded as the gravity dual of the vacuum of the non- 
commutative dipole conformal field theory. According to the AdS/CFT correspondence 
then, several physical properties may be computed holographically from gravity duals 
at finite temperature or with finite density of states. In this appendix we address a 
couple of issues. First we describe how to construct a large class of explicit solutions 
with asymptotic Schrodinger symmetry. Then we explain how to extract physical 
quantities from such kind of solutions, with non-standard (e.g. non-AdS) asymptotics. 
In particular, we discuss the issues arising in trying to define conserved charges (e.g. 
the analogue of ADM mass) and we propose how to circumvent them. The key point 
is a certain duality transformation, to which we now turn. 

C.l TsT transformation 

It turns out that the background ( 13.341) may be obtained from a TsT [53J transformation 
of AdS 5 x Y . This was discussed in [10] for the case of Y = S 5 and it extends 
straightforwardly to any Y. 

Quite generally, the TsT transformation is a solution generating technique in the 
context of type II supergravity. Consider a background with two isometries along 
coordinates (p 1 and if 2 . The TsT transformation consists of three steps: firstly, we 
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perform a T-duality along ip 1 and introduce the dualised direction (p 1 . Secondly, we 
make the coordinate shift tp 2 — > <p 2 + c<p l , and thirdly we perform another T-duality 
along tp 1 . The first and the third steps are dualities and as such do not change the 
physics; the second step might change the periodicities of (p 1 and tp 2 , but it is guaranteed 
to give a new solution at the level of supergravity equations of motion. 

Let us apply this transformation to a general type IIB solution of the form 

ds 2 = g ab dx a dx b + ds 2 {B) + h 2 {dp> + P) 2 , 
F 5 = 4 (vol(M 5 ) + vol(S) A h(d<p + P)\ , (C.l) 

where <p is a Killing direction in the five- dimensional space Y, ds 2 (B) is the metric of 
the four- dimensional space transverse to d^,, h 2 is the norm of d v , and P is a connection 
one-form on B. We assume all other fields are zero. 

For our purposes, we T-dualise <p into <p, then shift a light-cone coordinate x~ — > 
x~ + atp, and T-dualise <p back to ip. The resulting solution in the string frame is 

ds 2 = [g ab dx a dx b - a 2 e 2 ^~^h 2 g a _g b _dx a dx b + 

+ds 2 (B)+e 2{ *-* o) h 2 (d V + P) 2 ] , (C.2) 

F 5 = 4 (vol(M 5 ) + vol(S) A h(d V + Pj\ , 
B = ae 2( *-* o) /i 2 (? a _dx a A {dip + P) , 
e -2(*-* ) = i + a 2 h 2 g__ . (C.3) 

where $o is the value of the dilaton before the duality. 

If we start from the AdSs x Y background, where AdSs is written in the Poincare 
patch, and choose the isometry <p used to be the Reeb direction (or direction associ- 
ated to the U(1)r symmetry of the M = 1 dual CFT), where h 2 = 1, the metric after 
the TsT transformation is simply the solution (13.341) . The term — r 4 (dx + ) 2 , which is 
crucial for breaking the relativistic conformal group to the Schrodinger group, is gen- 
erated through the term g a ^g b _dx a dx b . In general, the solution obtained above when 
tp is the Reeb direction falls inside our ansatz (J4.6P and as such gives a solution of the 
equations of motion derived from the 5d action. Thus, we have that any solution of the 
5d equations, with vanishing scalars and gauge field, may be transformed to another 
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solution 

2<E> 4 

ds 2 (M) = e~~g ab dx a dx b - e^a 2 g a ^g b ^dx a dx b , 
A = oe 2 *g a -dx a , 
e" 2 * = 1 + a 2 g._ , 

V = -\Q, V = \$, (C.4) 

as long as g and g a - do not depend on the coordinate x~ (and we have set $o = for 

simplicity). In particular, this is true for AdS5, as well as the asymptotically AdSs black 
hole metric. In general, applicability of the TsT transformation explained here and the 
Kaluza- Klein reduction given in Sec. l4.ll is complementary: the TsT transformation can 
be used to obtain solutions with non-constant h 2 but our Kaluza-Klein reduction allows 
us to lift arbitrary solutions of five- dimensional equations of motion to ten-dimensional 
solutions. 

Notice that it is straightforward to extend the procedure described above to more 
complicated black hole geometries, with asymptotic Schrodinger symmetry. For ex- 
ample, one can apply the TsT transformation to the R-charged asymptotically AdSs 
black holes constructed in 42 1. 



C.2 Conserved charges and thermodynamic properties 

We will now discuss some properties of the black hole metric (I3.36J) derived in subsection 
13.51 This can be most simply done by first Kaluza-Klein reducing the metric along 
the ip and x~ directions to an eight dimensional solution. After this Kaluza-Klein 
reduction both the original black three brane metric (13. 2ft and the solution ( 13.361) are 
related by a symmetry of the eight dimensional gravity theory. Then, it can be checked 
explicitly that horizon is not affected by the TsT transformation, and in particular the 
Hawking temperature T, entropy S, and chemical potential fi^, are unchanged |54j . 
We emphasize that it is not a symmetry of the full theory. But since we are computing 
quantities just in the gravity theory the results will be the same in both cases. 

Let us next address the important issue of computing conserved charges in back- 
grounds with asymptotic Schrodinger symmetry such as (13.341) . For backgrounds that 
are asymptotically AdS there are several methods based on the Fefferman-Graham ex- 
pansion of the metric near the AdS boundary (see e.g. [55l [56], [36j [57]). In particular, 
there exist coordinates such that any metric which is asymptotically AdS takes the 
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form 



dsl = — + r 2 lah dx a dx b (C.5) 



and 'jab has an expansion of the form 



(0) . 1 (2) , l .,( 4 ) , 1,(4) 



1 



^ = ^ + -^ + ~^ + C -i ^g -i + ■ ■ ■ (C6) 

Here 7^ is determined in terms of 7^ while 7^ captures the leading deformation 
with respect to the vacuum. The coefficient h ab is related to the Weyl anomaly [55] 
and all other terms are determined recursively in terms of these [36J . 

This expansion provides good control over the asymptotic behavior of the metric, 
allowing to subtract the infinities consistently. Then one can add suitable local coun- 
terterms and define the renormalised boundary energy-momentum tensor as 

T ab = lim — ^-j -7^=7^6 ( S + S ct) (C7) 

e^O 87rG N € 2 V 1 -^^ 

where the integrals are evaluated at a finite distance from the boundary r = 1/e. Notice 
this is simply 

in the case 7^ = r] ab (then we also have 7^ = h ab = 0). For example, using this 
method, the energy-momentum for the non-extremal D3-brane metric (13.21) can be 
easily computed and is given by 

T ++ = \\- 2 4 , T__ = iA 2 r 4 , T + _ = \rt , T l3 = lr % . (C.9) 
In general, the conserved charges associated to a Killing vector £ a are constructed as 

Qi = f dW^%>«° (CIO) 

where E is a space-like surface with unit normal vector u a , and is a ab the induced 
metric on it. These are easily extracted from the usual ADM decomposition of the 
boundary metric, with respect to a chosen time coordinate 

ds 2 = -N^dt 2 + a ab {dx a + N£dt)(dx b + N^dt) . (C.ll) 

Everywhere in the paper we slice at constant x + . This is the natural choice dictated 
by the embedding of the Schrodinger group into the Poincare group. We can then 
compute the (non-relativistic) energy, associated to the Killing vector d/dx + 

H = -P + = J d 3 xVa(u + T ++ + w"T_ + ) , (C.12) 

Jt, 
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and the mass (particle number), associated to the Killing vector d/dx 

N f 

— = -P_ = / d 3 xMu + T + _+u~T) . (C.13) 

r~ is 

There are some obstacles to applying this program to metrics which asymptote to 
the Schrodinger backgroundi 

dv 
ds 2 = — + r 2 (-dar+daT + dxMx 1 ) - a 2 r\dx + ) 2 . (C.14) 

Firstly, an analogue of the Fefferman- Graham expansion for this kind of asymptotic 
is not known. In particular, recall that ( 1C.14I) is not an Einstein metric. Moreover, 
it is not a priori clear how to define the boundary, since the leading term is one 
dimensional. Secondly, the full solution is intrinsically ten dimensional, involving both 
squashing of the internal geometry, as well as non-trivial RR and NS fields. Application 
of holographic renormalisation techniques to ten dimensional geometries is not very well 
developed (however, see [591EQ])- We expect that the five- dimensional truncations that 
we derived in this paper will be important in formulating a holographic renormalisation 
procedure, using for instance the Hamilton- Jacobi approach [381 [39]. Of course the 
whole discussion really makes sense only when x~ is non-compact, otherwise we cannot 
trust the metric near the boundary. 

We leave a systematic treatment for future work and instead circumvent the problem 
taking advantage of the TsT transformation 10 !. This transforms the original metric 
g a b into a new metric given by ( 1C.2I) . The proper Fefferman-Graham expansion of 
this metric should be such that it coincides with the corresponding expansion for the 
original metric. In other words, given the new metric g a b in (1C.2I) which was in the 
string frame, we can find the original metric g a b as 

9ab = 9ab + cr h — — -— — - (C.15) 

(1 — h l o l g ) 

Thus, if someone gives us the metric g a b, we find the metric g a b and we perform the 
usual Fefferman-Graham expansion (1C.6I) . reading off the stress tensor as in (IC.8I) . The 



parameters o and h can be read off from the other components of the metric and from 
the B field. 



9 More generally, for any value of the exponent z in (|4.1|) . 

10 Thc original version of this paragraph had mistakes, we thank Y. Oz and S. Yankielowicz for 
pointing them out. 
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Then it is natural to define the boundary energy-momentum tensor using 7^ via 
AC. 81) . Notice that indeed this prescription satisfies the first law of black hole thermo- 
dynamics, which is a check that it is correct. A field theoretical argument was also 



given in Sec. 13.51 which supports our interpretation here. It would be worthwhile to 
further justify this prescription from the gravity point of view, and to develop the 
holographic renormalisation with this asymptotics. 

D Details of the consistent truncations 

D.l Reduction with m 2 = 8 

We provide the details of the Kaluza-Klein reduction discussed in Sec. 14.14 leading to 
114.101) . Let us first use the metric ansatz of the form 

ds 2 10 = ds 2 (M) string + e 2U ds 2 (B KE ) + e 2V ( V + A) 2 . (D.l) 

Note that the five-dimensional part of the metric differs from what is used in (14.61) 
by a Weyl transformation. A is a connection on M which will be set to zero in this 
subsection. It is included here because we turn it non-zero in the reduction with 
m 2 = 24. 

The Ricci tensor has the following components in the flat indices: 

Rab = R<3 - 4(d a Ud b U + V a d b U) - (d a Vd b V + V a d b V) - \? v T ac T b c , (D.2) 

Rij = 5 l3 (6e~ 2U - 2e- 4U+2V - 4d a Ud a U - d a Ud a V - D S U) , (D.3) 

R H = 4e- 4U+2V - Ad a Ud a V - d a Vd a V - D 5 V + ^e 2V ' T ab T ah , (D.4) 

Rai = Ri* = , (D.5) 

Ra* = ~e- 4U - 2V V b e 4U+3V ^ ba , (D.6) 

where R ab is the Ricci tensor of ds 2 M and the covariant derivatives are with respect to 
ds 2 ^; T = dA is the curvature of A. For Y = S 5 or Y = T 1,1 , vanishing of R ai and R^ 
immediately follows from the symmetry of the Kahler-Einstein base CP 2 or CP 1 x CP 1 
respectively. For generic Sasaki-Einsteins one needs to calculate explicitly to see that 
they vanish. 

The field strength H of the two-form B is 

H = FAr]-2AAJ, (D.7) 
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so we have 

H ABC H ABC = 3e- 2V F ab F ab + A8e~ 4U A a A a . (D.8) 

Plugging these into the 10-dimensional action (14.91) . we obtain the following 5d ac- 
tion: 

S=- I d 5 x^e w+v [R^ + 2Ae~ 2U - Ae~ 4U+2V - 8e- su - 2V - -d a ®d a ® 

+ 12d a Ud a U + 8d a Ud a V - K^-™ F ab F ab - 4e"*- 4 ^ ' A a A a ] . (D.9) 

By construction, any ansatz of our form (J4.6P which is a solution of lOd equations 
of motion, gives a 5d metric ds 2 (M), the scalars U, V and $ and the gauge field A 
which solve the equations of motion of the 5d action (14.101) . An interesting fact is that 
the converse is true, i.e. given a solution to the equations of motion for (I4.10p . the 
lOd fields constructed along our ansatz (14.61) automatically solve the lOd equations of 
motion. In other words, ours is a consistent reduction including massive gauge fields 
and scalars. 

Indeed, the F 5 is self-dual and closed by construction, F 5 A H = is also automatic; 
the $ equation of motion is exactly the same in 5d and in lOd; moreover it is easily 
verified that H satisfies d * H = if A solves the Proca equation which follows from 

(@3DD. 

Therefore the only thing to check is the equations of motion of the metric, (j4.4p . Let 
us denote the equations as 

= E MN = Rain - (right hand side of (IP]) ) . (D.10) 

The "off-diagonal" parts, i.e. E MN with (M,N) = (a,i), (a, 0), and (i,<fi), are au- 
tomatically zero because Rmn, 9m^9n^, HmabHn AB and FmabcdFn ABCD are all 
automatically zero. Moreover, Eij is proportional to Sij, Eij = EbS^j. So the non- 
trivial equations are 

E ab = , E B = , E H = . (D.ll) 

However, a direct calculation shows that E ab = is the equations of motion of the 5d 
metric ds 2 M , E B = is the one for the scalar U, and E^ = is the one for the scalar 
V. It is as it should be, because E B is by definition the variation of the action with 
respect to the size of the Kahler-Einstein base, which is controlled by U, etc. This 
concludes the proof that the reduction is consistent. 
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Let us change the 5d action to the 5d Einstein frame, which is the form presented 
in the main part of the paper. This can be achieved by 



ds 2 (M) string = e-z u -i v ds 2 (M) . (D.12) 



Then the action becomes 



S = I I d b x^ 



2 



„ 14 tt 2t/ 20 „ , 4,/ 32 tj 8 t/ 

R + 24e"~ c/ "3 y - 4e"~ c/+ 3 y - Be"" 17- ^ 






. (D.13) 



Finally one diagonalises the scalar kinetic term by setting u = |(C/ — V) and w = 
j 4 (4?7 + V) to arrive at (14.10p . The final result agrees with the result in [35] and in 
Appendix C of [61] after setting $ and A to zero, where the Kaluza-Klein reduction 
with the metric, U and V was performed. Their scalars q, f are related to ours by a 
factor of two, / = u/2 and q = v/2. 

D.2 Reduction with m 2 = 24 

The ansatz we consider is 

ds 2 = ds 2 (M) string + e 2U ds 2 (B KE ) + e 2V ( V + A) 2 , (D.14) 

F 5 = 4e~ 4l7 - y vol(M) + Ae- AU+v {r] + A) A * 5 A + e~ v u A * 5 F 

+ 2u 2 A [r] + A) + 2u 2 A A - u A (r] + A) A¥ , (D.15) 

and all other fields vanishing. We denote JF = d^4 and F = dA. We will go to the five- 
dimensional Einstein frame in the last step. F§ = *Fs holds by construction. dF§ = 
imposes 

d(e~ AU+v *5 A) = , (r/ component) 

d(e" y * 5 F) = -8e~ 4U+v * 5 A + fAF, (w component) 

dF = , (lj A r) component) 

¥ = J r + F, (u A uj component) . (D.16) 

The components of the Ricci tensor was tabulated in ( ID. 21) .. . . .( ID. 61) . The Einstein 
equation in ten dimensions is given by Rmn = Qmn where Qmn = 7^FmabcdFn ABCD , 
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which has the following values in the flat indices: 



Qab 



-4e- 8U - 2V Vab 

+4e- 8C7 (2A a A 6 - r] ab A c A c ) + ^e 



-4U-2V 



(4¥ ac ¥ b c - Vab ¥ cd ¥ cd ) , (D.17) 



Sij (4e 

4e -8U-2V 



8C/-2V 



+ 4e- 8C/ A a A a ) 



4e- 8t7 A a A a + -e 



- 4U - 2V ¥ ab ¥ ab 



8e- 8U ~ v A a - -e" 
8 



Then R a(t> = Q a(j) gives 



4{/-2V W bc Tff de 

tabcdel? V 



4U+V 



d(e iU+6V * 5 ;F) = 16e- 4ty+v/ * 5 A + FAF 



(D.18) 

(D.19) 
(D.20) 
(D.21) 

(D.22) 



R 



ab 



>c r >) 



Qab IS 



iC = A(d a UdbU + V a d b U) + (d a Vd b V + V a d b V) - 4e 



-SU-2V 



Vab 



+ \?? v Ta C Tb c + 4e- 8C/ (2A a A, - 5 ab A c A c ) + ^ e - AU - 2V (A¥ ac ¥ b c - <UF crf F cd ) 



(D.23) 



and finally Rij = Q^ and R^ = Q^ give respectively 
n 5 U = 6e~ 2U - 2e~ 4U+2V - AO a Ud a U - d a Ud a V - 4e" 



■SU-2V 



-Ae~ 8U A a A a , (D.24) 



n 5 V = 4e- 4U+2V - Ad a Ud a V - daV^V + -/ v T ab T ah - 4e~ 8U - 2V 



+ 4e- 8ty A a A a 



-4U-2V 



¥ nh ¥ a 



(D.25) 



This set of equations comes from the 5d action 



S=- I d'x^ge 



4U+V 



R {5) + 24e~ 2U -4e~ 4U+2V -8e~ 8U - 2V + 12d a Ud a U+8d a Ud a V 



z 2V J= ab T ah - U- w ~ 2V ¥ ab ¥ ah - 8e- 8C/ A a A a 



+ - \ AN¥ N¥ . (D.26) 



To check the equations of motion, the following formula is useful: 

^— A ( d n x^g~XR = X(R ab - \g ab R) - V a d b X + g ab UX , (D.27) 

V^g og ab J 2 

where X is a scalar field. Changing to the Einstein frame in five dimensions, we obtain 
the action (14211 . 
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E Supersymmetry analysis of the Schrodinger vac- 
uum 

Here we study the supersymmetry preserved by the background (13.341) . Supersymmet- 
ric extensions of the non-relativistic conformal groups were studied in [8] [62 ], |63 | 164"] 165] . 
Hereafter we denote the generators of the supertranslation and the special supercon- 
formal transformations of the relativistic super conformal algebra by Q±, S±, respec- 
tively. The subscripts ± shows the charge under the boost, so we have for example 
{Q+, Q+} oc P+. We find that the solution does not preserve any supersymmetr}!^.. 

Let us first recall the supersymmetry variations of the fermions in the theory. We 
follow the notations in [66]. In particular, we combine two Majorana-Weyl spinors e 1 ' 2 
of type IIB supergravity into a complex Weyl spinor e = e 1 + ie 2 and e c is its complex 
conjugate, e c = e 1 — ie 2 . Then the gravitino transformation law in the Einstein frame 
is 

fy M = D M e-^/ 2 (T M ABC H ABC - 9T AB H MAB ) e c + ^-T ABCD F MABCD e , (E.l) 
96 192 

and that for the dilatino is 

SX = -^/ 2 T ABC H ABC e , (E.2) 

where we have set the RR-axion and the RR 2-form to zero since they do not appear 
in our ansatze. 

Let us determine first the supersymmetry preserved by the AdSs x S 5 compactifi- 
cation of type IIB string theory, where the x~ direction is compactified to break the 
relativistic conformal symmetry to the Schrodinger symmetry. The gravitino variation 
is 

6^ = d,e - h^Me , M = (t 4 - ^o 1234 r 01234 ') (E.3) 

for \x = 0, 1, 2, 3. Recalling -F01234 = 4 in our convention, the operator M above vanishes 
in the sector where ir 0123 = 1, which fixes the chirality of e, where e is independent of 
.x+,-,2,3_ Let us denote this U Q sector" temporarily. 

The commutator of two supersymmetry transformation gives 

[8 e ,8 e ,}(x(ey M e')d M ; (E.4) 



11 We thank the authors of [14] for pointing out the error in our statement in the first version of this 
paper. 
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so the commutator of two e's in the sector Q gives a diffeomorphism which is inde- 
pendent of x + '~' 2 ' 3 . They correspond to the translations P^ which in turn means the 
sector Q generates supertranslations Q±, and other spinors with opposite chirality 
ir 0123 = — 1 correspond to the special superconformal generators S±. 

Let us compactify the x~ direction, x~ ~ x~ + 27ir~. We can choose boundary 
conditions for the fermion, but under the most naive one the preserved supersymmetries 
are independent of x~ . Then ( IE. 31) requires 



r+(l-ir 01i3 )e = . (E.5) 

Therefore the preserved supersymmetry generators are Q± and S-, and the superalge- 
bra of the background preserves 3/4 of the original supersymmetry. 

Now we will show that the Schrodinger vacuum (13.341) does not preserve supersym- 
metry. We will show that a Killing spinor does not exist. Using the value of the H 
field, we see that setting to zero the dilatino variation we get the condition 

= 5X = -|r+^ c e . (E.6) 

This imposes T + e = because cp c is clearly invertible. Then, consider the equation 
that arises from the 8i/j + part of the gravitino variation 

= <ty+ = \e - l -T + Me + ^ c ^- (E.7) 

The compatibility of T + e = and the evolution along x + imposes ir 0123 e = e. It 
implies zr 0123 e c = — e c , which means that we cannot impose ir 0123 e(a; + ) = e(x + ) for all 
x + . Therefore there is no supersymmetry preserved by this background. 

F Note Added: Scaling behavior and the gravity 
background 

13 Invariance under the Schrodinger group imposes a certain constraint on the thermo- 
dynamic quantities, e.g. the energy density H/Vd of a d- dimensional system. Recall 
that the dilatation x — ► kx, t — > k 2 t has the effect 

T^k~ 2 T, —^k- 2 - d —, ^^k- 2 fi. (F.l) 



2 This appendix is a note added in Nov, 2008. 
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Then it follows that the energy density as a function of [i and T has the form 

£ = T^g(^) (F.2) 

where g(x) is a function. When the result of Sec. 13.11 is expressed in this form, we find 

that 

g(x) oc x~ 2 (F-3) 

which shows a simple scaling behavior, unlike the corresponding function for a free 
non-relativistic gas of bosons or fermions, as noticed in [67] . This power-law behavior 
of the function g(x) is a direct consequence of the fact that the gravity dual is a 
light-like compactification, as will be explained below. In fact, before the light like 
compactification the gravity theory has a boost symmetry in the x directions. The 
compactification breaks this symmetry but in a very controlled way which leads to the 
above behavior for the function g(x). 

Recall that the dilatation of the non-relativistic system arose as the transformation 
on the gravity background, 

x + — > k 2 x + } x % — > kx\ r -*■ k~ l x\ (F.4) 

which in particular is an isometry of the zero-temperature solution. Now instead let 
us boost the x ± plane 

x + — > sx + , x~ — > s~ x~, (F-5) 

which changes r~, the compactification radius of x~, to s~ 1 r~. This establishes a 
correspondence between the theory with parameter r~ to the theory with parameter 
s -! r - On the other hand, when we change the value of r~ we change the gravity results 
in a very simple way. The reason is that many quantities have a simple dependence on 
r~ since the geometry is basically independent of r~ and some quantities, such as the 
energy, are extensive in r~ . We should emphasize that this simple dependence on r~ is 
a property of the classical gravity solutions we are considering, but quantum corrections 
will not have this simple behavior. For example, the Casimir energy could have a more 
complicated dependence on r~. However, if we simply focus on the leading classical 
gravity approximation we can figure out precisely how the results change under the 
combined effects of the boost and the r~ rescaling. This operation makes the following 
change in the thermodynamic variables: 

T->s- l T, £-£, /i-«-V (F.6) 

Vd Vd 
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Therefore the energy density can be written as 



£ = /<£) (F.7) 



where f(x) is an arbitrary function. The combination of ( 1F.2[) and ( 1F.7I) then implies 



# T 2+d 

V * 1ST' (F - 8) 

which reproduces the result of an explicit calculation in [67]. We can similarly state 
how the entropy density and number particle density scale 

£ oc T d + V" 1 -* , £ oc r*+- V 2 " 1 • (F.9) 

The derivation above shows that this power-law behavior of thermodynamic quan- 
tities is a universal property of a system with non-relativistic symmetry which arises 
as a DLCQ of a relativistic conformal theory with dual gravity description. For ex- 
ample, the DLCQ of the dipole theory discussed in Sec. 13.51 also shows this behavior. 
Once quantum corrections to the gravity results are computed, we could get different 
answers. Here we also assumed that the gravity saddle point is translational invariant 
along x , if that were not the case, we would get different scaling properties. 
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